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For j= 1, 2, . . . . n + 1, let (X,, L,, p,) be u-finite measure spaces and let 9(X,) 
denote the class of nonnegative measurable functions on X,. Given a positive 
multilinear operator M: 9(X,) x 6P(X,) x x9(X,) +9(X,+ ,), and fixed 
indices p,, p2, . . . . pn, q~ [ 1, co], we consider the problem of determining those 
nonnegative (weight) functions wl, M.‘*, .__, W, and v on X,, A’,, . . . . A’, and A’,,,, 
respectively, for which 
with C>O independent of f,EtP(X,), j= 1, 2, . . . . n. f; 1992 Academic Press, Inc. 
Let (X, C, p) be a a-finite measure space. A weight function on X is a 
measurable function w: X+ [0, a] satisfying 0 < w < co a.e. For any such 
weight fuction w and any p E [ 1, co 1, we let LP(w) denote the Banach space 
of (equivalence classes of) real-valued measurable functions f on X for 
which the norm 
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j=l 
is finite. When X is the real line and w z 1, we use the abbreviated 
notations Lp and (1 IIP. As usual, p’ = p/(p - 1). 
For j= 1, 2, . . . . n + 1, let (Xj, Cj, pj) be &nite measure spaces and let 
P(Xj) denote the class of nonnegative, measurable functions on Xj. We 
wish to study positive operators of a particular kind, i.e., operators 
which are multilinear in the sense that for each integer j, 1 <j Q n, and each 
gj, hj~ 9(X,) and each fk E 9(X,) for all k #j, 1 Q k < n, and each c > 0, 
Mf, 9 f2, ..., fip13 gj+chj,J;+12...3fn) 
=“(f,,f,,...,f,-,,gj,f,+,,...,f,) 
+cM(fi,fi,...,fi-1,hj,fi+1,...,f,), 
and which also satisfy the following monotone continuity property: For each 
j, 1 <j < n, if a sequence { gj,,,} in S(Xj) satisfies gjm 7 gj a.e. as m + co, then 
Wf, , f2, ...? h-13 gjrn9fi+13...3 fn)TWfi,f2,...,fi--l, iTj3.&+19 . . ..f.) a.e. 
as m + co, for all choices of fk E 9(X,), k #j, 1 < k < n. 
Given such an operator M and fixed indices pr, p2, . . . . p,,, qE [l, co], 
we shall consider the problem of determining those weight funcions 
wr, We, .. . . w, and v on X,, X,, . . . . X, and X,, + 1, respectively, for which 
IMf,,f*, .‘.> fA&” G c li Ilfillp,,w,> (1) 
j= 1 
for some absolute constant C > 0 and all choices offi E .9(X,), j = 1,2, . . . . n. 
We observe that if (1) holds, then the multilinear extension of A4 to 
JJY, 1 LpJ(wj) 1 a so satisfies (1). We also observe that for the solution of this 
problem it suffices, in fact, to determine only those weight functions for 
which (1) holds with C = 1. 
Now, except in a few special cases, there are no known conditions on 
Wl, w2, --a, w, and u that are necessary and sufficient for (1) to hold. For 
example, if M is the bilinear operator of convolution of functions on R”, 
M(f, g)(x)=(f*g)(x)=f~“f(x-Y)R(Y)dy, XEW, 
and if p1 = a3 and wr is fixed, then (1) is equivalent to the problem of 
characterizing those weight functions w2 and u for which 
Ilw;’ * Sll,,” 6 Ilgllp2,w2’ (2) 
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which has not yet been solved for arbitrary w,, q, and p2. However, if 
p2 = co the condition characterizing w2 and u is simply 
Ilw; ’ * w;-llly,“< 1, (3) 
and if p2 = q = 1 then, by considering an appropriate adjoint operator, we 
immediately obtain that the condition is 
11u- * w-111m,w2< 1, (4) 
where w denotes the function o(x) = o, (-x). Furthermore, for general 
q and p2, if q6p2, then a theorem of Gagliardo [3] for positive linear 
operators enables the characterization of w2 and u satisfying (2) to be 
reduced in some sense to these two simple cases (3) and (4). 
We propose to show in this paper that, if the exponents pl, p2, . . . . pn and 
q satisfy the relation l/q > z,;=, l/p,, one can reduce the characterization 
of weights satisfying (1) to n + 2 simple cases. Moreover, we will show by 
examples that a similar characterization is not always possible when 
vFc;=1 l/P,. 
Let us begin with the obvious remark that ifp, =p2= ... =pn = co then 
(analogously to (3)) a necessary and sufficient condition for (1) to hold 
with C= 1 is 
llM(w,‘, w;l, . ..) W;l)lly,a< 1. (5) 
More particularly, if also q = co, then the condition is 
M(w;‘, w;l, . . . . w;‘)<fr’ a.e. (6) 
To obtain and use analogues of the condition (4) we have to define 
appropriate “adjoints” of M. 
DEFINITION 1. Let M be (the unique multilinear extension of) a positive 
multilinear monotone continuous operator satisfying 
IIWfi,f2? ...> LA,,“~ ii IIJ;IIp,,w, (7) 
j= I 
for some choice of indices p,, p2, . . . . p,,, q E [ 1, co]. For each integer k, 
1 < k < n, we define the kth partial adjoint of M to be an operator, denoted 
by M*ck), which maps the Cartesian product 
LP’(w,)x ... XLP~-~(Wk~l)XL~‘(u-l)XLP~+‘(Wk+l)X .‘. xLPn(w,) 
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into the dual space of LPk(w,) and is uniquely determined by the formula 
(~*‘k’(fi?f*% . . ..Ll. g,fk+,, . . ..fn). h) 
= 
s M(f,,f*,...,fk~,,h,fk+,,...,f,)gd~,+, (8) Xn+l 
for all fin Z,fi(wj), j # k, h E LPk(w,), and g E Ly’(u-‘). 
Remark. Of course, M*(‘)(f,, f2, . . . . fk- ,, g, fk+ I, . . . . f,) is a function 
in Lp”(w; ‘), even in the case pk = 00, where it follows from the monotone 
continuity of M and the Radon-Nikodym theorem. We rewrite (8) as 
s M*‘k’(f,>fz, . . ..fk--I. g,fk+,, . . ..fJhb Xk 
= 
s Wf,, fz, . . . . fk- 1, h, fk+ 19 ...y f,) g 4,. I. (9) X”il 
Obviously, M*(k) is positive and multilinear and satisfies 
II~*‘k’(f,~ f2, . ..> f”)ll&W,l G llfkllq~,“-l ii Il&,w,. 
j= 1 
ifk 
(10) 
It follows immediately from (9), the monotone continuity of A4 and the 
monotone convergence theorem that M*(k) is also monotone continuous. 
From the condition (6) and the properties of M*(k), it is clear that a 
necessary and sufficient condition for (7) to hold when pk = 1, q = 1, and 
pi = co for all j # k, 1 <j < n, is the inequality 
II~*(~)(w;‘, w;‘,..., w;J1, u, wk+ ,, . . . . w;‘)< wk a.e. (11) 
The following theorem gives a formulation, appropriate for our pur- 
poses, of the rather standard procedure of interpolation with change of 
weights, which can be used to generate new weight functions which satisfy 
(7) for choice of the exponents other than those covered by (5), (6), 
and (11). 
THEOREM 1. Suppose that the operator 
M: P(X,) x 9(X,) x ... x~WJ+~‘(~,+,) 
is multilinear and monotone continuous and that for each integer T, 
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0 < t < T, there exist weight functions w,, . wt2, . . . . w,, and v, and exponents 
pI1, pt2, . . . . pr,, qtE [l, a] and positive constants C,, for which M satisfies 
IW(fl, fi, . ..‘fn)ll.,,O, 6 c, I!i Ilf;llp,,,wll> (12) 
j= I 
for all fjc 9(X,). Let t3,, 8,) . . . . tIT be numbers in [0, I] such that 
CT= 0 8, = 1. Then, M also satisfies 
IMfi > fit .“> fn)llq,” G c ii Ilf;llp,,n~r (13) 
j= 1 
for all fj G Y(Xt), where the exponents p,, pz, . . . . p,,, q, and the weight 
functions w,, w2, ,.., w,, v, and the constant C are given, for j= 1,2 ,.,., n, by 
wi= n w;, u= n v>, and c= fl c$ 
r=0 /=O I=0 
Proof See Section 2. 
Remark. For T= 1 this theorem closely resembles a special case of the 
multilinear interpolation theorem stated in Section 10.1 of [l]. But, to use 
the method of proof in [ 11, we would have to pass to a “complexification” 
of the operator M, which introduces an extra multiplicative constant in the 
estimate for the constant C in (13). Our proof in Section 2 uses a different 
approach. 
Our main result states that for certain choices of the exponents 
pl, p2, . . . . p, and q we can obtain all weight functions w,, w2, . . . . w, and u 
satisfying (12) by interpolation with change of weights, i.e., via the for- 
mulae v=~~=,u~ and wj=fl,‘_, w: of Theorem 1, where T=n+ 1 and, 
for each t = 0, 1, . . . . n + 1, the exponents pr,, pIz, . . . . ptn and q, are such that 
the weight functions wI1, wIz, . . . . w,,, and v, are determined by one of the 
simple conditions (5) with q = 1, (6) or (11) for some k. 
THEOREM 2. Let (X,, C,, uj) be a-finite measure spaces for j= 1, 2, . . . . 
n+ 1. Let wl, w2, . . . . w, and v be weight functions on X,, Xz, . . . . X,, and 
X n + 1, respectively. Suppose that 1 < pl, pz, . . . . p, < co and 1 < q < 03 and 
(14) 
j= 1 
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Let M: 9(X,) x 9(X,) x a.. x 9(X,) -+ 9(X,+,) be a multilinear, 
monotone continuous operator. Then, A4 satisfies 
ll~u-i~f2, .‘.~fJl,,“~ ii Ilf,llp,,w, (15) 
/=l 
if and only if for each C > 1, the weights wi and v can be expressed in the 
form 
n+l ?l+1 
(i) wj=flw$ and v = n v:I, j= 1, 2, . . . . n, 
I=0 r=o 
where 
MO 8, = 1 - l/q, 
(ii), 19,=1/p, for t=l,2 ,..., n, and (16) 
(ii) flfl en+ I = l/q - i l/P,, 
j=l 
and the weight functions w,,, wIz, . . . . wt, and v, satisfy 
(iii), M(w<:, w;:, . . . . WC,‘) d Cv;’ a.e., 
(iii), M*(‘)(w,‘, wl;‘, . . . . w,-,’ 1, v,, w&l+ ,, . . . . w,;‘) < Cw,, 
a.e. for t = 1, 2, . . . . n, and 
A preliminary version [2] of this paper was presented at the Second 
International Conference on Function Spaces (Poznan) in 1989. 
2. SOME AUXILLIARY RESULTS AND PROOFS 
Long ago, Gagliardo [3] proved a result which is essentially Theorem 2 
for the case n = 1. The following lemma plays an important role in 
Gagliardo’s proof and will be similarly important for ours. 
LEMMA 1 [3, p. 4311. Let B be a Banach space and let P be a convex 
cone in B. Let < * denote the partial ordering on B defined by 9 (i.e., 
4 < * $ o Ic/ - 4 E 9’). Suppose that every bounded increasing sequence in 9 
converges; that is, if dk E 9, #k d dk + , , and llikll B d ;1 for each positive 
integer k and some constant 1 independent of k, then lldk - qJI/ B + 0 for some 
element 4 in P. Let 99 be a (not necessarily linear) mapping of B into itself 
which is nondecreasing, monotone continuous, and has bound 1, i.e., 
580/106/l-10 
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(i) ~~*~~~(~)~*~(ll/),foralf~, $ in9. 
(ii) lltik - r+IIB + 0 * llFS(@J -9(4)II B + 0 .for every increasing 
sequence {d,} in 9. 
(iii) Ilq31is< 1 * ~~~(~)~~8< 1 for each 4EP. 
Then, given any C> 1 there exists a nonzero element 4~ 9 such that 
ll~llB 6 1 and 
Gagliardo’s proof is so elegant and short that we succumb to the tempta- 
tion of reproducing it here: Choose any &E.!? with Il&,ll = 1 - l/C. Define 
dl=YdO and, for all k>l, $k=3(#kP1/C+q&). Then, &>d, and 
]lq3i/l < 1. By induction, llq5kll < 1 and q4k>4k- i for all k. So, there exists 
$ E 9 such that #k r $ and II/ = 9($/C + &). Set 4 = $/C. 
The rest of this section is devoted to the proof of Theorem 2. We shall 
present the main step of the proof as a separate lemma: 
LEMMA 2. Suppose that the operator 
M:9yX,)xqX,)x “. x9(x,)+~(x,+,) 
is multilinear and monotone continuous. Let 6’ he any number in [0, l] and 
let gj and hi be functions in 9(X,) for j= 1, 2, . . . . n. Then, the inequality 
Mg: -‘h:, g: -Oh;, ,.., g:-Ohjf) 
d (Wg,, g,, . . . . g,))‘-” (Mb, . . . . h,))’ 
holds at almost every point of X,, + , 
(17) 
Proof. It suffices to consider the case where all of g,, g,, . . . . g, and 
h,, h,, . . . . h, are simple functions. The general case will then follow via the 
monotone continuity of M. Suppose, then, that each of the functions 
g,, g,, . . . . g, and hl, h2, . . . . h, assume at most N, different values. We then 
set N = NT and observe that each measure space X, can be divided into N 
disjoint sets E,,, Ej2, . . . . EjN (some of which may, in fact, be empty) such 
that both g, and hj are constant on each set. Let g,k and hjk denote the 
values assumed by g, and h,, respectively, on Ejk for each k = 1, 2, .., N. 
Then, gj ~ “hi” = c,“= , g$- “hik x Eik and so, by the multilinearity of M, 
M(g:PBh:, &‘h;, . . . . g:-“hjf) = c,“,=, c&z, . ..c.“,=, (I-&, g;k;ehjBk,) 
MX Elk.3 xE2k2, .“T xEn-,,“). Since cl’ -*be< (1 - 8)~ + efi for all positive CI and 
fl and all 8 E [0, 11, the preceding multiple sum is dominated by C,“, = i 
Cg=, ..‘C,“,=, ((1-e) IIj”=, gjk, + 0 II,“=, hjk,) M(XE~~,’ xEz/q’.‘.~ XE+) 
= (1-e) he,, g,, . . . . g,) + BM(h, , h,, . . . . h,). We can now apply 
POSITIVE kf: i L’](W) + L’(V) 
j=l 
137 
exactly the same argument to the simple functions g,? = JlinC1 -e) gj and 
h,* = 1~ ““‘hi for any choice of the positive number 1. It yields that 
M(g;-‘hy, g;-‘hi ,..., g;-Oh;), 
<(l-8)1, l’(l -e)A4(gl) g,, . . . . g,)+ W”‘M(hl, h,, . . . . h,), 
at each point x,,,~EX,,+~. In particular, we can choose 
A = (Wh,, h,, . . . . h,)lWg, > g,, . ..> g,))“” -‘I 
at each point x,, l where both M(g,, g,, . . . . g,) and M(h,, h,, . . . . h,) are 
nonzero, to obtain (17) at those points. At the points where 
Mkl1 $72, ..., g,) = 0 or M(h,, h,, . . . . h,) = 0, we obtain (17) by choosing A 
to be arbitrarily large or arbitrarily small. 1 
Completion of the Proof of Theorem 1. Let f, be an arbitrary function 
in P(Xj) for j = 1,2, . . . . n. Let us first dispense with two trivial cases: 
(i) If fj vanishes a.e. for any j, then (via monotone continuity) 
Wfl2 f2, . ..7 fn) must also vanish a.e. and (13) holds. 
(ii) Also, if all f, are non-vanishing, but for at least one value ofj we 
have f, $ LP$w,), then ( 13) holds. 
In fact, we need only treat the case when T= 1, since the result for all 
larger values of T can then be easily obtained by iteration or induction or 
even just a trivial adaptation of the proof for T= 1. Let B0 = 8, so that 
8, = 1 - 8 and let us use the simple fact that each nonnegative function f, 
in LR(w,) with norm 1 can be written in the form 
f,=(gj)‘-” (hj)‘, (18) 
where gj and h, are norm one elements of LP@(woj) and LP’j(w,,), respec- 
tively. (This is also a special case of the results in Sections 13.3 and 13.5 of 
[ 11.) We can now obtain (13) by substituting (18) for each j in the 
estimate (17) and applying Holder’s inequality. 
3. THE PRWF OF THE MAIN THEOREM 
Let us begin by indicating a convenient geometric interpretation of the 
conditions on the various exponents which appear explicitly and implicitly 
in Theorem 2: Let Q,, 1 denote the unit cube in IV+ ‘, i.e., 
Q n+l=u sl,s* )...) s,+,):0~S,,<1,j=1,2 )...) n+l} 
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and let 9” + , be a unit simplex in KY’+ ‘, more specifically, the subset 
of Q,, , consisting of all convex combinations of those vertices 
Vo, V, , V2, . . . . V,, + 1 of Q, + , defined by 
v, = (0, 0, 0, . ..) O), 
v, = ( 1, 0, 0, 0, . . . . 0, 1 ), 
v2 = (0, 1, 0, . . . . 0, l), 
u, = (0, 0, . ..) 0, 1, l), 
and 
V n + , = (0, 0, 0, . . . . 0, 1). 
Then, it is easy to check that the condition (14) is equivalent to requiring 
the point V=(p;‘, p;‘,..., pi’, 4-l) to be in Y”,,,. In fact, V can be 
written in the form 
II+1 
v= c d,V,, 
f=O 
(19) 
where the coefficients 8, are defined by (16) (ii), for t = 0, 1, . . . . n + 1. 
Clearly, each Bt is nonnegative and c:zd 8, = 1. 
Let us next observe that, for each t = 0, 1,2, . . . . n + 1, is we define n + 1 
exponents ptl, P,~, . . . . p,,, q, (each of which will be either 1 or co) by 
choosing them to satisfy 
then condition (16) (iii), is simply an obvious variant of one or another of 
the conditions (5) with q = 1, (6) or ( 1 1 ), and so is equivalent to the 
estimate 
IIMfi,fi, . ..Y .fJll,,,“,~ c fl Ilf;llP,,,“,,’ 
j= 1 
where C is the constant appearing in (16) (iii),. Consequently, the fact that 
( 16) implies ( 15) is an immediate consequence of Theorem 1. 
We turn to the proof that (15) implies (16). 
Let B be the Banach space B=LP~(~;l)@Lp;(~;l)@ ... @LpA(w;‘), 
consisting of all n-tuples f = (f, , f2, . . . . f,,), with fj E L";(w,: ') for each j, 
normed by 
Ilf ll,=max{ Ilfjllp;,m~’ :j= 1, 2, -., n). 
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Let B be the subset of B consisting of all f= (fi, fi, . . . . f,) with fi E 9(X,) 
for each j. 9 is, of course, a convex cone and defines the ordering < * on 
B, where (if g = (sly g2, . . . . g,)) 
f<*g”f,dgj a.e. for j= 1, 2, . . . . n. 
We shall now construct a “Gagliardo mapping” 3 on P satisfying the 
hypotheses of Lemma 1. It will be obtained as a suitable composition of M 
and its partial adjoints with certain other maps F, , F2, . . . . F,, and G. For 
each j= 1, 2, . . . . n and each function u E Y(Xi), we define Fj(u) = upi ~ ‘w,:“;. 
Obviously, if u E L~(w,:‘), then E;(u) E L”(wj) and, in fact, 
wj(~)llp,,w,)~= (Ilullp;,*~‘Y~. (20) 
Thus, we deduce, also using (14), that for any f = (f,, f2, . . . . f,) in .??, the 
function g(f)=M(F,(f,), F2(f2), . . . . F,(f,)) is in Ly(u). Net, let 
G(f)=g(f)q-luq. Clearly, G(f) E Lq’(u-‘) and, furthermore, its norm is 
bounded by 1 if Ij f 11 B < 1. This is trivial if q = 1 and otherwise it follows 
immediately from (20), (15), and an obvious analogue of (20) for the map 
u + uqP1uq, which maps nonnegative functions in Lq(u) into Lq’(uP ‘). (The 
case q = co does not occur here in view of (14).) 
We now define the Gagliardo mapping ?J at f = (f, , f2, . . . . f,) in 9 by 
setting S(f,, f2, . . . . f,) equal to 
(M*“‘(G(f ), Fz(fz), . . . . FAf,)), . . . . M*‘“‘(F,(f,), . ..> Fn- ,(fnp ,), G(f ))). 
From (10) and the boundedness properties of the mappings F,, F2, . . . . F,, 
and G, we see that 9 maps B boundedly into itself with norm at most 1. 
Moreover, the relation (9) for the M *(k) together with the monotone 
convergence theorem, yields g(P) c 9’. Hence, for any C> 1, Lemma 1 
guarantees the existence of strictly positive (fi, f2, . . . . j*,) in the unit ball of 
B satisfying 
~cflJ2p,, . ..A~* ctflP,,f2P,, ..-, LP,,, (21) 
so that, setting B = WF, t!, 1, F,(h)), . . . . FJ.fJ), 
M*@)(F, (f, ), . . . . Fk-,(~~Pk,)rG(g),Fk+,(~+,),...,F,(~,))6C~k, 
k = 1, 2, . . . . n. (22) 
Taking 
WI, 1 =A 9 wo,, = wz,, = ... = w,+,,, =F,(f,)-’ 
wv=fin>wo,n=w,,n= ... =w,-,,n=w,+,,n=F,(~“,)~’ 
u. =g-‘, ul=u2= ... =un+,=G(g), 
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the inequalities (21) become identical to (16) (iii),. Again, 
so (16) (iii), is satisfied. Finally, v,+ ,M(w;i ,,,, w;J ,,*, . . . . w;+‘~,~) = 
WMW, CfJ> Mh ..., mh) = C~M4(fd? WJ? ...? mtn))lY~ 
which is in the unit ball of L’(P~+,) by (15) and (20), whence (16) (iii),+, 
holds. 
Remark. Suppose that in (14) some of the pi are infinite, the notation 
being chosen so that l<p,,p,,...,p,,<co, while P~+~= . ..=~.,=Gc. 
Then, there is a representation of the weights w,, w2, . . . . w, and U, 
analogous to (16), which involves only the vertices V,, Vi, . . . . V, and 
Specifically, let do= 1 - l/q, 4i = l/p,, & = l/p,, . . . . 4, = l/p,, and 
= l/q - c,“= I l/p, and, given f, E P(Xj), j = 1, 2, . . . . m, define 
~,(fl?f*~ ...? f,)=Mf,,f,,...,f,, w,:,,..., w;‘). 
The inequality (14), is equivalent to 
Theorem 2, applied to M,, guarantees that there corresponds to each 
C> 1 weights w,i, w,~, .. . . wt, and uI, t = 0, 1, . . . . m + 1, such that 
wj = fly=+,,’ wt and u = nr;l=‘,’ a$, with 
M(w,‘, w$ )...) w;;, w;:,, . ..) w,‘) < co,’ a.e., 
M*(‘)(w,;‘, . ..) wty,‘..l, v,, w,,l:,, . . . . w,;;, w,:,, . . . . w;%Cw,, 
a.e. for t = 1, 2, . . . . m and 
s w&,,,, w,:,,z, . . . . w,:lp, w,:,, ..., W,‘bm+l~pm+,QC. xm+, 
Lastly, we observe that if all the pj are infinite or one of the pj is 1, condi- 
tion (13) implies V= V, for somej=O, 1, . . . . n+ 1. 
4. THE CASE l/q<c,“=, l/p, 
In this section, we show that when l/q < c,“= I l/p,, not all weight 
functions w,, w2, . . . . w, and u for which (14) holds can be obtained by 
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interpolation with change of weights from the easily characterized 
inequalities related to extreme points of Q, + , . 
For simplicity, set n = 2. Let the extreme points V,, V,, V,, V, of Q3 be 
as in the proof of Theorem 2, the remaining extreme points being 
V4=(1,1,1), V,=(l,l,O), V,=(l,O,O), and V,=(O,l,O). Write V= 
(p-l, q-1, r-l ) and V,= (p,-l, qr’, r,’ ), t = 0, 1, . . . . 7. Take X, =A’, = 
X3= R, with pI, pLz, u3 Lebesgue measure, and let w, = w*=u= 1. We 
observe that 
l=wj=fi w; and l=u= fi u:, j= 1,2, (24) 
I=0 r=0 
with @,a 0 and CT=, et = 1, imply 0 < w,~ w,*u < cc a.e., whenever 8, > 0. 
We assume, without loss of generality, that 1 6 q <p d cc and we dis- 
tinguish three cases, which exhaust all nonextreme points V of Q3 satisfying 
l/r < l/p + l/q: 
1. l/r < l/p < l/q, l/pr’ < 1 
2. 0 < l/r = l/p < l/q 
3. l/p< l/r, O< l/p+ l/q- l/r< 1. 
We will define positive bilinear operators B for which 
llB(f; g)llrG Ilfll, llgllq, f, ge P’(W). 
Moreover, we will prove that, for certain t, the inequality 
IIB(L g)llr,,q G C IlfIIP,,w~,, II Ilglly,,w,2~ f, gEy’(R)> (25) 
fails whenever 0 < w,~ w,~u, < cc a.e.. This will be seen to imply (19), (24), 
and, when 8,>0, (25) cannot all hold, so that (15) cannot follow by the 
desired interpolation. 
To define the bilinear operators, we require a positive, unbounded, even 
function k which decreases trictly on (0, 00) and which belongs to Lp 
whenever 1 <p < co; for example, k(x) = exp(Jm))/( 1 +x2). 
Young’s inequality guarantees 
Ilk * fllr G llkll, IIS,, f~9oJJ)Y 
whenever 0 < l/r < l/t < 1 and 0 < l/s = 1 + l/r - l/t. 
Given p, q, and r, let 4 be a fixed positive function with 
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JR [&” + @‘I < 1. Denote typical nonnegative functions in Lp, Lq, and L” 
by A g, h, respectively. For x E R, define 
B, (f, g)(x) = Cl 1s 1 dt? (k *.f)(x) in case 1 R 
ML g)(x) = c2 1s 1 R 4g (k *f)(x) + c2 lj 1 R df (k *g)(x) in case 2 
and 
&(f, g)(x) = C3f(X)(k * g)(x) in case 3. 
The constants c,, > 0, j = 1, 2, 3, will be chosen to ensure (15). 
In cases 1 and 2, 0 < l/r 6 l/p < 1 and 0 < l/s = 1 + l/r - l/p. Thus, (26) 
holds with t =p. Also, in case 2, 0 < l/r < l/q < 1, so 0 < l/a = 1 + l/r - l/q 
and we again have (26), this time with t = q. Together with Holder’s 
inequality, these facts yields (15) for B, and B,, if we take cr = llkllSP’ and 
c2= Cll~ll,+ ll~ll,l-‘. 
In case 3, we prove an inequality equivalent to (15), namely, 
IIB3*‘2’(f, h)ll,,Q Ilfll, IlMr,, (27) 
where Bf(‘)(f, h)(x) = c,(k * (f/z)](x), x E R. Let l/t = l/p + l/r’. Then, 
Odl/tgl and, by Holder’s inequality, IlfhII, < llfll, llhll,,. Now, 
0 6 l/q’ Q l/t 6 1 and 0 < l/s = 1 + l/q’ - l/t = 1 - (l/p + l/q - l/r). 
Hence, (27) follows when c3 = llkll;‘, in view of (26), with r = q’. 
This completes the proof of the positive assertions concerning the 
operators B, , B,, and B,. The negative assertions are the essential content 
of the next two lemmas. As the proof of the two results are similar, we only 
prove the second. 
LEMMA 3. Suppose k: R + R is an even, locally integrable function which 
is strictly decreasing on (0, co), with k(O+ ) = co. Fix 4 E B(R), 4 f 0. 
Define B(f, g)(x) = [JR dg](k *f)(x), x E R, and let u, v, w E B(R) with 
0 < uvw < 00 a.e. on R. Then, the following inequalities cannot hold for all 
f, gEg(R): 
(i) IIWf, g)llm,,d C Ilf l,u Ilglll,v 
(ii) IIB(f, g)ll m,w 6 c Ilf II I,u llgll CO.0. 
LEMMA 4. Let k, u, v, and w be as in Lemma 3. Define B(f, g)(x) = 
f (x)(k * g)(x), x E R. Then, neither (i) and (ii) in Lemma 3, nor the following 
inequalities can hold for all f, g E 9( OX): 
(iii) 
(iv) 
Proof 
IINL SNI 1,w G c llfll 1.u llgll 1,u 
IINfi g)ll a,,,’ Q c llfll m,u llgll ,o* 
Set f= F/u, g = G/u. Then, (iii) is equivalent to 
or, taking the supremum over F and G with JR F(y) dy = siw G(y) dy = 1, to 
POSITIVE hf: fi LpI( W) + L4( U) 
j=l 
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ess sup w(x) 4x-y) < c -esssupp, 
xew 4x) .VEiW U(Y) . 
Similarly, (i) and (iv) reduce to conditions of the form 
ess sup w(x) - F(x) ess sup ~, 4--y)<C 
xeR u(x) YE R U(Y) ’ 
and (ii) to one of the form 
ess sup 
XE ua 
6’8) 
(29) 
(30) 
Since 0 < uuw < co a.e. on R, there exists an integer N 2 C such that the 
set 
E={xE[-N/2,N/2]:1/N<u(x),u(x),w(x)<N} 
has finite positive measure. Now, (28) and (29) the latter with F= l/NxE, 
imply 
ess sup k(x -y) < NS. 
x,ysE 
But, I E( > 0, k(O+ ) = co, and standard arguments involving points of 
density show this can not be true. 
Again, taking G = l/Nx, in (30) yields the impossible requirement hat 
N5 
ess sup F(x) < - 
XEE k(N) 
for all F > 0 satisfying JR F( y ) dy = 1. 
Suppose now that (19), (24), and, when 8, >O, (25) all hold. In 
particular, then, 0 < w,r , w,~u, < co a.e. when 8, > 0. 
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In case 1, Lemma 3 yields 8, = 6, = 0 and hence, from (19), the 
contradiction 
l/r = 0, + 0, + 8, + 8, + O7 2 8, + e4 = l/p > l/r. 
Similarly, in case 2, Lemma 3 gives 8, = 8, = 8, = 0 and so 
1 Jr = 8, + Q2 + Q3 + t14 2 B2 + e4 = l/q > l/r. 
According to Lemma 4, 8,= 0, = e6= 8, =0 in case 3. The relation (19) 
then requires 
l/r = d1 + o2 + /3j > 0, + 6, = l/p + l/q, contrary to our basic assumption. 
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